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ABSTRACT 
Let A (z) be a given polynomial n X 12 matrix with detA (z) = 1. It is shown that 
there exists an entire matrix-valued function X (z) such that expX (z) = A (z) if and 
only if the eigenvalues of A (z) are independent of Z. 
I. INTRODUCTION 
An entire scalar-valued analytic function f(z) without zeros can be 
written in the form f(z) =expg(z), where g(z) is an entire function. On the 
other hand, if the values f(z) are invertible elements of a Banach algebra A, 
there does not always exist an entire A-valued function g(z) such that 
f(z) =expg(z). 
Let A(z) be a given polynomial n X n matrix that is invertible for each z. 
In this case the determinant of A(z) is a nonzero constant. We may assume 
that detA(z) = 1. The purpose of this paper is to study the question: when 
does there exist an entire matrix-valued function X(z) satisfying 
expX(z)=A(z)? (I) 
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In Sec. II we show that this equation is solvable if and only if the eigenvalues 
of A(z) are constant, i.e., independent of z. In the last section we treat Eq. 
(1) in an arbitrary Banach algebra A. 
REMARK 1. Let A(z) be any polynomial matrix with detA(z) = 1. Since 
the ring of polynomials C[z] is euclidean, the group SL,(C[z]) of all 
polynomial n X n matrices with determinant one is generated by elementary 
matrices with l’s on the main diagonal [l, pp. 196-1971. Hence A(z) is a 
product of triangular matrices with l’s on the main diagonal. If T(z) is such a 
triangular matrix, then T(z) = Z+ Q(z), where Z is the identity matrix and 
Q(z) is nilpotent. Hence B(z)=log[Z+Q(.z)]=Q(z)-f[Q(.z)]‘+ . . . is a 
polynomial and T(z) = expB (z). It follows that every polynomial matrix A(z) 
with detA(z)=l can be written as a product A(z)=expBi(~)...expB,(z), 
where Bk (z) are polynomials. 
REMARK 2. Let A(z) = (a&z)) b e an n x n matrix whose entries u&z) are 
entire functions. Suppose that A(z) is invertible for each z. Then det A(z) is 
an entire scalar-valued function without zeros. Since any finitely generated 
ideal in the algebra of all scalar-valued entire functions is principal, it follows 
that the ideal generated by a,,(z),a,,(x), . . . ,a,,(~) is the algebra of all entire 
functions. Let (h(z)) be the principal ideal generated by a,,(z), . . . ,a,,(~). 
The functions an(z) and h(z) are without common zeros. It is not difficult to 
see that there exist entire functions p(z) and 9(z) such that uii(z)+q(z)h(z) 
=expp(z). Further, there are entire functions 9s(.z), . . .,9”(z) satisfying 
92(z)%&) + * * * + 9,,(z)ui,, = h(z). If we multiply A(z) on the right with the 
lower triangular matrix T(z) having l’s on the main diagonal and 
I, 9(492(z), * * * 9 9(x)9”(x) in the first column, we obtain a matrix (u$Jz)), 
where u;i(z)=expp(z). Multiplying (a$(~)) on the right by the upper trian- 
gular matrix S(z) with l’s on the main diagonal and 1, - ais 
X exp[ - p(z)l, . . . , - 4&hp[ - ~(41 in the first row, we get a matrix 
(iii(z)) with the first row expp(z),O, . . . ,O. Continuing in this way, we finally 
obtain a lower triangular matrix B(z) with expp,(z), . . . ,expp,(z) on the 
main diagonal. Hence 
Here Tk(z) are lower and S,(z) upper triangular matrices. B(z) can be 
written as U(z)V( ) 2 , w h ere V(2) is a lower triangular matrix with l’s on the 
diagonal, and U(z) is a diagonal matrix with expp,(z),.. ., expp”((z) on the 
diagonal. All these matrices are of the form expC(z), where C(z) is entire. 
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Thus A(z) can be written as a product of at most 2n factors of the form 
expC(z). 
REMARK 3. If a scalar-valued analytic function g(z) has a pole at z,, then 
z, is an essential singularity for expg(z). This is not true for matrix-valued 
functions. For let us consider the matrix function 
-ri)- 
-2 
-1 
I. 
The point .z = ri is a pole of the first order for A (z). The matrix 
expA(z)= ez 
sinh z 
I I 2’ - 77zi 0 e-’ 
is an entire function of z whose values are invertible matrices. 
II. THE EQUATION expX(z) = A(z) 
Let A (z) be a given n X n polynomial matrix with det A (z) = 1. The 
following question arises: when does there exist an entire matrix-valued 
function X(Z) such that 
expX(z)=A(z)? 
The following theorem gives the answer: 
THEOREM 1. Equation (1) can be solved if and only if 
of A(z) are irw!ependent of z. In this case the solution 
polynomial matrix. 
0) 
the eigenvalues 
X(z) is also a 
Proof. Assume first that the eigenvalues A,, X,, . . . ,A,, of A(z) are inde- 
pendent of Z. In this case the characteristic polynomial det[M- A(Z)] = 
A&z) of A (z) has constant coefficients; hence A(x,z) = q(A), where q(X) is 
the polynomial with the zeros Xi,. . . , A,,. Let D be a simply connected region 
of the complex plane X containing the points A,, . . . , A,,, but not containing 
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the origin 0. Choose a single-valued branch of the function 1ogX in the region 
D. The coefficients of the polynomial p(h) = c1 + c,A + . . . + c,h”-l can be 
determined so that [logh- p(A)]/q(A) = T(X) is analytic on D. Hence logA 
= p(A(z)) + r(A(z))q(A(z)) = p(A(z)). Thus the polynomial matrix 
X(z)=p(A(z)) is a solution of Eq. (1). 
Conversely, suppose that Eq. (1) has a sol$ion X(z) that is an entire 
matrix-valued function. Let det[ PI - X (z)] = A( Z.L, z) be the charac+istic 
polynomial of X(z). Its coefficients are entire functions of z. Consider A( y, z) 
s a polynomial of Z.L over the field of meromorphic functions, and write 
A( I”, z) = P1( ZJ, z) . . . P, ( p, z), where Z’i( ZJ, z), . . . , Z’, ( ZJ, .z) are irreducible poly- 
nomials in Z.L whose coefficients are meromorphic functions of z. It is not 
difficult to see that the coefficients are entire functions if we assume that the 
leading coefficient of each Pi ( p,z) is equal to 1. The discriminant Di(z) of 
Pi( Z.L, z) is an entire function not identic$ly zero. The eigenvalues 
Pi(Z), * f * I p,,(z) of .X(z), i.e., the solutions of A( p,z) =O, are in general not 
single-valued functions of z. Each pk(z) is the zero of a polynomial Pi( p,z). 
Hence, the branch points of pk(z) are the zeros of the discriminant Di(z), and 
so they are isolated points of the plane z. Moreover, each branch point is an 
algebraic singularity for Z&k(z). These facts can be proved in the same way as 
in the case of algebraic functions. Let R be the Riemann surface with n 
sheets corresponding to the equation i( p,x) =O. The solution p(z) is single- 
valued on R, having only algebraic singularities there. The surface R is not 
connected if T> 1, since there is one complete function p(x) for each factor 
Pi(P,Z), i=l,..., r. 
Now let A&z) =det[XI- A(z)] be the characteristic polynomial of A(z). 
The relation A(z) = expX(z) and the spectral mapping theorem imply that 
A(z) = exp y(z) is a solution of A(A, z) = 0. Hence, exp p(z) =X(z) is an algebraic 
function of z. The points at infinity of R are at most poles or zeros for X(z). It 
follows that there exists a constant M such that 1 p(z)1 < Mlog ]z] as ]~~]+co. 
On the other hand, we have &( p,z) = p” - p,(z)p”-‘+ . . . k p,(z), where the 
entire functions pi(z), . . . , p,(z) are elementary symmetric polynomials of 
~44,. . . ,p,,,(z). Hence, 
I PkMI G( $fk (bglzl)k for ~++m. 
It follows that the coefficients pk(z) are constants. The same holds for the 
functions h (z) and Ak (z). Therefore, all eigenvalues of A (z) are independent 
of z. n 
COROLLARY. Let A(z) be a polynomial matrix with A (0) = I. Equution 
(1) is solvable if and only if A(z) - Z is nilpotent. 
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Proof. Assume that A(z) - Z is nilpotent for every z. In this case all 
eigenvalues of A(z) are equal to one, and so the theorem applies. 
Conversely, suppose that (1) can be solved. Hence all eigenvalues of A(z) 
are independent of z. Since A (0) = I, the characteristic polynomial of A(z) is 
(X - 1)“. Therefore, [A(z) - I]” = 0. n 
BEMARK 4. The determinant of the matrix 
A(z)=[ : lk] , 
is equal to one, but the eigenvalues of A (z) are not constant. Thus Eq. (1) is 
not solvable for this A(z). On the other hand, we have 
Therefore A(z)=expCexpB(z), where 
I[ 01 2 1’ 1 
cc [ 0 0 1 10’ 
It follows that there does not always exist an entire matrix function X(z) 
satisfying expX (2) = UexpB (z), where B(z) is entire and U a constant 
invertible matrix. 
III. SOME GENERALIZATIONS 
In this section A denotes a Banach algebra with unit 1. 
PROPOSITION 2. Let a(z) be an entire function whose values are invert- 
ible elements of a commutative Banach algebra A. Zf there exists a point .q, 
such that a(+,) has a logarithm in A, then there exists an entire A-wzlued 
function x(z) such that a(z)=erpx(z). 
Proof. Without loss of generality we may assume that a(0) has a 
logarithm. Thus a (0) = exp c for a c E A. The integral 
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is an entire function of z. Here a’(z) denotes the derivative of a(z). It is easily 
verified that {a(z) exp[ - u(z)]}’ = 0 and hence that a(z)exp[ - u(n)] = a(0). 
Therefore, a(z) = a(O)expu(z) =expx(z), where x(z) = u(z) + c. n 
LEMMA 3. Let u(z) be an entire A-uulued function. (A is not neces- 
sarily commutative.) Suppose that there exist a complex number & and a 
real number 6 > 0 such that [A - u(z)] - ’ exists for each z and each X#A, 
with IX -hoI < 6. Then we can find entire functions e(z) and q(z) having the 
following properties : 
(i) e(z) is iokmpotent and q(z) qnusinilpotent for euey z; 
(ii) eW7(4=q(4e(4=q(4; 
(iii) if u(z)=U(z)-&e(z)- q(z), then e(z)u(n)=u(z)e(z)=O. 
Proof Suppose u(z) has the required properties. Denote by K the circle 
in the complex plane A with center at &, and radius :S. The resolvent 
[A- u(z)]-’ is an entire function of z for each he K. Then e(z) and q(z) are 
defined by 
e(z)= &/KIA-u(z)]pldh, q(~)=~Jr,(h-~)[h-u(l)]-‘dh. 
The functions e(z) and q(z) are entire. It follows from the corollary to 
Theorem 5.6.1 of [2] that e(z) and q(z) satisfy (i)-(m). n 
LEMMA 4. Let e,, . . . , e,, be pairwise orthogonal idempotents with sum 1 
Of a Bunuch algebra A, and let u = a, + . . . + a,,, where uk E e,Ae, = Ak, 
k=1,2 ,..., n. If Uk=ekeqbk, b,EA,, for k=1,2 ,..., n, then a=exp(b, 
+ *.. + b,). 
Proof A simple computation shows that 
exp( b, + . . . +b,)=e,expb,+ . . . +e,,expb,=a,+ . . . +%=a. W 
THEOREM 5. Let a(z) = 1 + u(z) be an entire function whose values are 
invertible elements of a Bunuch algebra A. Suppose that the spectrum 
u( u (z)) of u(z) consists of the points A,, A,, . . . , which are independent of z 
and have at most the uccnmulution point A=O. Then there exists an entire 
A-valued function x(z) satisfying expx(z) = a(z). 
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Proof. Let the points of u(u(z)) be ordered so that IX,1 > ]&,I > . . . . 
Since a(z) = 1+ u(z) is invertible, it follows that hk # - 1 for each k. Denote 
by ek(z) and qk(z) the functions which, by Lemma 3, correspond to the 
points X,. The values ek(x), k = 1,2,. . . , are mutually orthogonal idempotents 
for every z. Choose n so large that IX,] < 1 for k> n. Put e,(z)= 1- ei(z) 
- . . . -e,(z) and ~~(~)=u(z)-~~=~[A~e~(n)+q,(z)]. The spectral radius of 
us(z) in the algebra e,(z)Ae,(z) = A, is equal to ]T+,+i] < 1. Hence aa = es(z) 
+ us(z) = e&z) expva(z), where pa = us(z) - i[uO(z)12+ . . . is an entire A,,- 
valued function. Since qk(z) is quasinilpotent and & # - 1, we have (1 + 
A,)e,(z)+qk(Z)=ek(Z)exp uk z , w ( ) h ere Q(Z) is an entire function with values 
in ek(z)Aek(z). If we put ~(z)=~,nk=~z)~(z), then, by Lemma 4, expx(z)=a,(z) 
+~~~1[(1+~~)ek(~)+qk(~)]=a(z).Thiscompletestheproof. n 
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